The second Born corrections to the electrical and thermal conductivities are calculated for the dense matter in the liquid metal phase for various elemental compositions of astrophysical importance. Inclusion up to the second Born corrections is sufficiently accurate for the Coulomb scattering of the electrons by the atomic nuclei with Z 26. Our approach is semi-analytical, and is in contrast to that of the previous authors who have used fully numerical values of the cross section for the Coulomb scattering of the electron by the atomic nucleus. The merit of the present semi-analytical approach is that this approach affords us to obtain the results with reliable Z-dependence and ρ-dependence. The previous fully numerical approach has made use of the numerical values of the cross section for the scattering of the electron off the atomic nucleus for a limited number of Z-values, Z=6, 13, 29, 50, 82, and 92, and for a limited number of electron energies, 0.05MeV, 0.1MeV, 0.2MeV, 0.4MeV, 0.7MeV, 1MeV, 2MeV, 4MeV, and 10MeV. Our study, however, has confirmed that the previous results are sufficiently accurate. They are recovered, if the terms higher than the second Born terms are taken into account. We make a detailed comparison of the present results with those of the previous authors. The numerical -2 -results are parameterized in a form of analytic formulae that would facilitate practical uses of the results. We also extend our calculations to the case of mixtures of nuclear species. The corresponding subroutine can be retrieved from
results are parameterized in a form of analytic formulae that would facilitate practical uses of the results. We also extend our calculations to the case of mixtures of nuclear species. The corresponding subroutine can be retrieved from http://www.ph.sophia.ac.jp/˜itoh-ken/subroutine/subroutine.htm.
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INTRODUCTION
One of the present authors (N.I.) together with his collaborators has published series of papers on the calculations of the electrical and thermal conductivities of dense matter (Flowers & Itoh 1976 , 1981 Mitake, Ichimaru, & Itoh 1984; Itoh, Hayashi, & Kohyama 1993) . Among these works, the calculation corresponding to the liquid metal case ; hereafter referred to as paper I) appears to have been most widely used in various fields of stellar evolution studies. Therefore, it is important to keep scrutinizing the accuracy of paper I, as this paper is in frequent use among the stellar evolution researchers.
In paper I the Coulomb scatterings of the electrons off the atomic nuclei have been calculated in the framework of the first Born approximation. Subsequently Yakovlev (1987) has made an improvement on paper I by taking into account the contributions beyond the first Born approximation. Here we note that Yakovlev (1987) also used the analytic approach by taking into account the second Born term for the Coulomb scattering cross section. However, his second Born corrections did not include the screening effects. We shall consistently take into account the screening effects in our second Born corrections. Later works by his group (Potekhin, Chabrier, & Yakovlev 1997; Potekhin et al. 1999 ) improved on Yakovlev's (1987) original method by treating the first Born term and the non-Born term on the same footing, thereby taking into account the screening effects self-consistently. In these works they have made use of the fully numerical values of the cross section for the Coulomb scattering of the electron by the atomic nucleus calculated by Doggett & Spencer (1956 ).
Here we remark that the numerical calculation of the Coulomb scattering cross section by Doggett & Spencer (1956) has been carried out for a limited number of Z-values for atomic nucleus Z=6, 13, 29, 50, 82, and 92 , and for a limited number of electron energies, 0.05MeV, 0.1MeV, 0.2MeV, 0.4MeV, 0.7MeV, 1MeV, 2MeV, 4MeV, and 10MeV . In this paper, we shall take a complementary semi-analytic approach by using the analytic expression for the second Born cross section for the Coulomb scattering of the electron off the atomic nucleus (McKinley & Feshbach 1948; Feshbach 1952) . For nuclei Z 26, the inclusion up to the second Born approximation is sufficiently accurate (Eby & Morgan 1972) . In the following sections, however, we will confirm that the interpolations with respect to Z and the electron energies done by the previous authors are remarkably accurate.
The basic formulae for the calculation of the electrical and thermal conductivities are presented in §2 by generalizing the formulation of paper I. The numerical results and the assessment of the contributions beyond the first Born approximation are presented in §3. The analytic formulae that fit the results of the numerical calculations are given in §4. The case of the mixtures of nuclear species is dealt with in §5. The last section is devoted to concluding remarks. In the Appendix we evaluate the accuracy of the second Born approximation by comparing with the exact results obtained by Dogget & Spencer (1956) .
METHOD OF CALCULATION
We shall closely follow the method described in paper I and generalize it in such a way that it include the second Born term for the Coulomb scattering of the electron off the atomic nucleus (McKinley & Feshbach 1948; Feshbach 1952 ). The reader is referred to paper I for the earlier references in this field of research.
We shall consider the case that the atoms are completely pressure-ionized. We further restrict ourselves to the density-temperature region in which electrons are strongly degenerate. This condition is expressed as
where T F is the Fermi temperature, Z the atomic number of the nucleus, A the mass number of the nucleus, and ρ 6 the mass density in units of 10 6 g cm −3 . The reader is referred to the paper by Cassisi et al. (2007) for the case of the partial electron degeneracy. For the ionic system we consider the case that it is in the liquid state. The latest criterion corresponding to this condition is given by (Potekhin & Chabrier 2000) 
where a = [3/(4πn i )] 1/3 is the ion-sphere radius, and T 8 the temperature in units of 10 8 K.
For the calculation of the electrical and thermal conductivities we use the Ziman formula (1961) as is extended to the relativistically degenerate electrons (Flowers & Itoh 1976 ).
On deriving the formula we retain the dielectric screening function due to the degenerate electrons. As to the explicit expressions for the dielectric function, we use the relativistic formula worked out by Jancovici (1962) :
where k T F = (12πm e n e ) 1/2 e/( k F ) is the Thomas-Fermi wavenumber for the nonrelativistic electrons, q = k/(2k F ) is the momentum transfer measured in units of 2k F , b is the dimensionless relativistic parameter
and r s is the usual electron density parameter given by
Working on the transport theory for the relativistic electrons given by Flowers & Itoh (1976) and taking into account the finite-nuclear-size corrections (Itoh & Kohyama 1983 ) and the second Born term (McKinley & Feshbach 1948; Feshbach 1952) , we obtain the expression for the electrical conductivity σ and the thermal conductivity κ:
9) 10) where < S > 1B corresponds to the first Born term and < S > 2B corresponds to the second Born term. In the above, k is the momentum transferred from the ionic system to an electron, S(k/2k F ) the ionic liquid structure factor, and ǫ(k/2k F , 0) the static dielectric screening function due to degenerate electrons. For the ionic liquid structure factor we use the results of Young, Corey, & DeWitt (1991) calculated for the classical one-component plasma (OCP). In the above formulae we have also taken into account the finite-nuclear-size corrections through the use of the atomic form factor (Itoh & Kohyama 1983) 
k F and r c being the electron Fermi wave number and the charge radius of the nucleus, respectively. The electron Fermi wave number is expressed as
The charge radius of the nucleus is represented by
The present method differs from that of Baiko et al. (1998) . These authors subtracted the contribution corresponding to the elastic scattering in the crystalline lattice phase from the total static structure factor in the liquid. The main motivation for the modification of the structure factor near the melting point by Baiko et al. (1998) is the partial ordering of the Coulomb liquid revealed by microscopic numerical simulations. This procedure was followed by Potekhin et al. (1999) , Gnedin et al. (2001), and Cassisi et al. (2007) . In the field of condensed matter physics, however, the correctness of the original Ziman (1961) method with the use of the full liquid structure factor has long been established (Ashcroft & Lekner 1966; Rosenfeld & Stott 1990 ).
Part of the motivation for the introduction of Baiko et al.'s (1998) suggestion appears to be the finding by Itoh, Hayashi, & Kohyama (1993) that the conductivity of astrophysical dense matter increases typically by 2-4 times upon crystallization. Regarding this finding, we should note that simple metals in the laboratory show similar phenomena. The electrical conductivity of the simple metals in the laboratory shows significant (2-4 times) jumps upon crystallization (Iida & Guthrie 1993) . For these reasons we shall follow the method of paper I in which we use the full liquid structure factor, which is in accord with the method used in condensed matter physics (Ashcroft & Lekner 1966; Rosenfeld & Stott 1990) . Of course the analogy with simple metals should be examined with future full ab initio calculations.
RESULTS
We have carried out integrations in equations (2.9) Jancovici's (1962) relativistic dielectric function for degenerate electrons. For the neutron star matter, the reader is referred to the paper by Gnedin, Yakovlev, & Potekhin (2001) . We have made calculations for the parameter ranges, 0.1 ≤ Γ ≤ 180, 0 ≤ log 10 ρ ≤ 12.8, which cover most of the density-temperature region of the dense matter in the liquid metal phase of astrophysical importance. Note that for some elements such as the 56 Fe matter these parameter ranges include the density-temperature region in which either the condition for the strong electron degeneracy or the condition for the complete pressure ionization does not hold. All of the considered elements are certainly unstable against nuclear reactions or electron captures at extremely high densities (ρ 10 10 gcm −3 ). We have chosen these wide parameter ranges in order to construct fitting formulae that have a wide applicable range. The reader should use our fitting formulae in the density-temperature region in which the conditions in the above are valid. Corresponding to the parameter range 0.1 ≤ Γ ≤ 0.2, we have used the Debye-Hückel form for the structure factor
Here we remark that Young, Corey, & DeWitt's (1991) calculation has been done for Γ ≥ 1. We have made a smooth extrapolation to the Debye-Hückel regime Γ ≪ 1.
In Figure 1 we show the results of the calculation for the case of 12 C. We find that the second Born corrections amount to about 2% at Γ = 10 and ρ=10 6 g cm −3 and about 5% at Γ = 10 and ρ = 10 10 g cm −3 . In Figure 2 we show the results of the calculation for the case of 56 Fe. We find that the second Born corrections amount to about 8% at Γ = 10 and ρ = 10 6 g cm −3 and about 17% at Γ = 10 and ρ = 10 10 g cm −3 . These values are in good quantitative agreement with those of Potekhin, Chabrier, & Yakovlev (1997) . For the case of 56 Fe at Γ = 10 and ρ = 10 10 g cm −3 , the present second Born corrections are significantly smaller than those of these authors who obtain about 22% non-Born corrections for this case. Significant part of this discrepancy appears to be due to the terms higher than the second Born term.
In Table 1 we compare the present numerical results with the numerical results by Potekhin et al. (1997) for the cases of ρ = 10 8 g cm −3 ; Γ=1, 10, 100. We find generally good agreement between the present numerical results and the numerical results by Potekhin et al. (1997) . The present numerical results appear to underestimate the non-Born effects for large values of Z (Z ∼ 26).
ANALYTIC FITTING FORMULAE
We have carried out the numerical integrations of equations (2.9) The fitting has been carried out for the ranges 10 0.0 ≤ ρ ≤ 10 12.8 g cm −3 , 0.1 ≤ Γ ≤ 180.
The fitting formulae are taken as follows: The coefficients are given in Tables 2-5.
The accuracy of the fitting is better than 3% for most of the cases treated in this section.
MIXTURES OF NUCLEAR SPECIES
So far we have dealt with the case in which the matter consists of one species of atomic nucleus. In the actual application of the present calculation to the astrophysical studies, we often encounter the case in which the matter consists of more than one species of atomic nucleus. In this section we shall extend our calculation to the case of mixtures of nuclear species. The case of mixtures has been discussed by Potekhin et al. (1999) and also by Brown, Bildsten, & Chang (2000) and by Cassisi et al. (2007) . Their formalism is based on the linear mixing rule. Here we shall give expressions according to our notations.
Let us consider the case in which the mass fraction of the nuclear species (Z j , A j ) is X j . The electrical resistivity R j due to the scattering by the nuclear species (Z j , A j ) is given by
(5.4)
Here for the mixture case the parameter r s in equation (2.5) is generalized as r s = 1.388 × 10
The total electrical resistivity R is given by
Therefore, the electrical conductivity σ is given by
In the same manner, the thermal conductivity κ is given by
In the above, the scattering integral < S > j corresponding to the nuclear species (Z j , A j ) should be calculated by using the Coulomb coupling parameter Potekhin et al. 1999; Brown, Bildsten, & Chang 2002; Itoh et al. 2004 )
where a e is the electron-sphere radius, and n e and n i are the number densities of the electrons and the i-th nuclear species (Z i , A i ), respectively.
CONCLUDING REMARKS
We have calculated the second Born corrections to the electrical and thermal conductivities of the dense matter in the liquid metal phase for various elemental compositions of astrophysical importance by extending the calculations reported in paper I. We have used the semi-analytical approach which is in contrast to that of the previous authors (Yakovlev 1987; Potekhin, Chabrier, & Yakovlev 1997; Potekhin et al. 1999) , who made use of the fully numerical values of the cross section for the scattering of the electron by the atomic nucleus calculated by Doggett & Spencer (1956) . It should be noted that the numerical calculation of the Coulomb scattering cross section by Doggett & Spencer (1956) has been carried out for a limited number of Z-values for the atomic nucleus Z=6, 13, 29, 50, 82, and 92, and for a limited number of electron energies 0.05MeV, 0.1MeV, 0.2MeV, 0.4MeV, 0.7MeV, 1MeV, 2MeV, 4MeV, and 10MeV, and also for a limited number (13) of the scattering angles that are related to k/2k F in equations (2.9) and (2.10). The sparseness of data for light and medium nuclei (only for Z=6, 13, 29) is potentially vulnerable in order to obtain results with reliable Z-dependence. However, our study has confirmed that the previous results have sufficiently accurate Z-dependence and ρ-dependence, since they are recovered, within about 1%, if our second-Born results are multiplied by the ratio of the full non-Born < S > DS to the second-Born < S > 1B+2B . The definitions of < S > DS and < S > 1B+2B are given in the Appendix.
We have found that our results are in general agreement with those of Potekhin, Chabrier, & Yakovlev (1997) . Our second Born corrections are significantly smaller than the non-Born corrections of these authors for the case of 56 Fe at Γ = 10 and ρ = 10 10 g cm −3 . Significant part of this discrepancy appears to be due to the terms higher than the second Born term.
In the present calculation, in contrast to Baiko et al. (1998) , we have used the full liquid structure factor, for the reasons explained in §2.
We have summarized our numerical results by accurate analytic fitting formulae. We have also presented the prescriptions to deal with the cases of mixtures of nuclear species. Therefore, the present results should be readily applied to various studies in the field of stellar evolution.
We wish to thank our referee for many useful comments that have greatly helped us in revising the manuscript. We also wish to thank D. G. Yakovlev 
A. APPENDIX
In this Appendix we evaluate the accuracy of the second Born approximation by comparing with the exact results obtained by Doggett & Spencer (1956) . The second Born approximation gives a correction factor to the Rutherford cross section (McKinley & Feshbach 1948; Feshbach 1952 ):
where
E kin being the kinetic energy of the electron, and θ is the angle of scattering. The < S > factor corresponding to the results by Doggett & Spencer (1956 ) is defined by
where k is related to θ by
In order to make the comparison self-consistent, in this Appendix we define
which of course coincides with our previous equations (2.8), (2.9), (2.10). Here we have used the relationship
In Table 6 we compare the results corresponding to the second Born approximation with those corresponding to Doggett & Spencer (1956) for the cases of Γ=10; Z=6, 13, 29; and E kin =0. 05MeV, 0.1MeV, 0.2MeV, 0.4MeV, 0.7MeV, 1MeV, 2MeV, 4MeV, 10MeV . We find the accuracy of the second Born correction is better than 0.4% for Z=6, better than 1.4% for Z=13, and better than 6.0% for Z=29. Potekhin et al. (1997) for the cases of ρ = 10 8 g cm −3 ; Γ=1, 10, 100. Table 6 . Comparison of the results corresponding to the second Born approximation with those corresponding to Doggett & Spencer (1956) for the cases of Γ=10; Z=6, 13, 29; and E kin =0.05MeV, 0.1MeV, 0.2MeV, 0.4MeV, 0.7MeV, 1MeV, 2MeV, 4MeV, 10MeV.
Z E kin (MeV) < S > Fig. 1. -The values of < S > 1B + < S > 2B and < S > 1B for the 12 C matter. The solid curve is the contribution of < S > 1B + < S > 2B for Γ = 10. The dashed curve is the contribution of < S > 1B for Γ = 10. The dash-dotted curve is the contribution of < S > 1B + < S >
2B
for Γ = 40. The dotted curve is the contribution of < S > 1B for Γ = 40. Fig. 2. -The values of < S > 1B + < S > 2B and < S > 1B for the 56 Fe matter. The solid curve is the contribution of < S > 1B + < S > 2B for Γ = 10. The dashed curve is the contribution of < S > 1B for Γ = 10. The dash-dotted curve is the contribution of < S > 1B + < S > 2B for Γ = 40. The dotted curve is the contribution of < S > 1B for Γ = 40.
